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We have estimated the complete basis set limits for the Hartree-Fock, MP2, CASSCF, and CASSCF+1+2
wave functions for the titled molecules and calculated the molecular quadrupole moment as a function of
bond length. Our recommended values forΘ (V)0,J)0) compare favorably to the current experimental
values and previous high-level calculations. To aid in the analysis of the relationship between the molecule’s
electronic structure and quadrupole moment, we introduce the concept of a quadrupole moment density that
permits one to write the molecular quadrupole moment as a sum of the separated atoms quadrupole moments
and a purely molecular contribution. The quadrupole density provides a (reference state dependent) means
of determining the contribution toΘ from various regions in the molecule and gives considerable insight into
the relationship between the electron density and the magnitude and sign ofΘ, and it allows a detailed
assessment of the contribution of electron correlation toΘ.

Introduction

In this report, we discuss the calculation and interpretation
of the quadrupole moments of H2, N2, O2, and F2. Our primary
interest is in developing a qualitative understanding of the
relationship between a molecule’s quadrupole moment and
electronic structure, and, in order to do so reliably, we have
explored the sensitivity of the calculated quadrupole moment
to basis sets as well as electron correlation. Using SCF,
MCSCF, MP2 perturbation theory and multireference config-
uration interaction, we calculate quadrupole moments, as a
function of internuclear separation, for a sequence of basis sets
obtained from the Dunning1a,1baugmented correlation consistent
sets by deleting g and higher symmetries.
We first discuss the quadrupole moments at the calculated

equilibrium separations and compare these with experiment and
previous calculations. Then, we examine the quadrupole
moment functions (variation of the quadrupole moment with
the internuclear separation), using MCSCF and MRCI tech-
niques. Finally, we develop an interpretation of the molecular
quadrupole moment as the sum of atomic contributions associ-
ated with the free (noninteracting) atoms and a molecular
contribution that depends on the shift in the electron density
due to molecule formation (the deformation density). Using
the deformation density, we define a quadrupole density whose
integral is the molecular contribution to the molecular quadru-
pole moment. The distance dependence of the quadrupole
moment, the differing contributions toΘ from various regions
of the charge distribution, and the role of electron correlation
in determiningΘ are analyzed in terms of the quadrupole
density.

Computational Techniques

Following Dunning,1 the augmented correlation consistent
basis sets are referred to as aug-cc-pvXz, whereX is a cardinal
number (2-5) characterizing the basis. Because of technical
limitations in the COLUMBUS properties program, we deleted
angular functions of g or greater. The SCF, Mo¨ller-Plesset,
and CISD calculations were done using g92/DFT,2 while the

MCSCF and MRCI calculations used the COLUMBUS3 system
of codes. We use the traceless form of the quadrupole-moment
operator,4 which, for a homonuclear diatomic, reads

whereZ is the atomic number of the nuclei in the diatomic and
R is the internuclear separation. We use atomic units through-
out, except where explicitly noted. In these units, 1 au of
quadrupole moment (ea2

0) contains 1.344 911 B, 4.4866×
10-40 cm2, and 1.344 911× 10-26 esu cm2.
We estimate the complete basis set (CBS)5 limit of a property

by fitting the property values to a function of the form

whereX is the cardinal number of the basis set andP(X) is the
property calculated with that basis.
Tables 1-4 collect the quadrupole moments of the titled

molecules for various wave functions as a function of basis set.
The MP2 wave functions include excitations from the 1σg and
1σu orbitals of N2, O2, and F2. The MCSCF wave functions
are CASSCF functions over the MO’s derived from the valence
p orbitals (the 3σg, 3σu, 1πux, 1πuy, 1πgx, 1πgy). The MRCI
incorporates all single and double excitations from these six
orbitals, as well as all double excitations from the 2σg and 2σu
orbitals. The CASSCF wave functions include all valence
electrons and the eight orbitals described above, and the
CASSCF+1+2 wave function consists of all single and double
excitations from the CASSCF reference space. For O2, both
ROHF and UHF results are reported. The quadrupole moments
of the SCF, MCSCF, MP2, and CI wave functions were
calculated using expectation values. We also computed the MP2
quadrupole moments using energy derivatives, and they differ
by ∼1% from the expectation values.

Discussion

Let us look, first, at the H2 quadrupole data in Table 1.
Several characteristics are evident. First, the convergence toX Abstract published inAdVance ACS Abstracts,June 1, 1997.
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the CBS limit is only monotonic after the aug-cc-pvdz basis,
and accordingly, we use the last three basis sets to extrapolate
to the CBS limit. Within these three basis sets, increasing the
flexibility of the basis decreasesΘ, as does increasing the level
of correlation. The aug-cc-pv5z basis set results are close to
the CBS limit for each model wave function.
Note that the CBS-CISD limit predicts an equilibrium

bond lengthRopt ) 1.4010a0 and a dissociation energyDe )
4.740 ev, in excellent agreement with the experimental values12

1.4011a0 and 4.749 ev. Our CBS-CISD value ofΘ is
+0.455ea0

2 and agrees with the essentially exact theoretical
result8 of + 0.457ea0

2. The experimental value forΘ, +0.460
( 0.021ea0

2, is an indirect value assembled from the magnetic
susceptibility anisotropy and the molecularg value, assuming
a vibrationless H2.7-9 As such, it agrees well with our CBS-
CISD estimate of the vibrationlessΘ, +0.455ea0

2. Bucking-
ham and Cordle10 have estimated the vibrational (V ) 0, J) 1)
value to be 0.4853ea0

2. Figure 2 shows the variation ofΘ with
R for the SCF and CISD wave functions, using the aug-cc-

pvqz basis. These data were fit to a quadratic function of the
form

and the parameters are reported in Table 5. These data are
useful in correcting our calculated values to other bond lengths
for comparison with previous calculations. Additionally, they
allow us to estimate the vibrational dependence ofΘ, using
the formula10,11

and experimental values12 for the spectroscopic parametersRe,

TABLE 1: Calculated and Experimental Constants for the Ground State, X1Σg
+, of H2

method basis re (a0) ET (e2/a0) De (ev) ωe (cm-1) Θzz (ea0
2)

RHF
aug-cc-pvdz 1.4137 -1.128 826 3.5066 4558 0.4613
aug-cc-pvtz 1.3880 -1.133 056 3.6207 4585 0.4916
aug-cc-pvqz 1.3865 -1.133 508 3.6330 4582 0.4867
aug-cc-pv5z 1.3863 -1.133 648 3.6368 4583 0.4852
CBS limit 1.3863 -1.133 6 3.6355 0.4845

MP2
aug-cc-pvdz 1.4271 -1.156 216 4.2509 4459 0.4401
aug-cc-pvtz 1.3933 -1.165 023 4.4906 4519 0.4719
aug-cc-pvqz 1.3912 -1.166 740 4.5373 4517 0.4679
aug-cc-pv5z 1.3902 -1.167 191 4.5496 4521 0.4662
CBS limit 1.3893 -1.167 3 4.5498 0.4649

CASSCF
aug-cc-pvqz 1.4047 -1.171 718 4.6728 4382 0.4573

CISD
aug-cc-pvdz 1.4392 -1.164 900 4.4873 4345 0.4275
aug-cc-pvtz 1.4041 -1.172 636 4.6978 4401 0.4616
aug-cc-pvqz 1.4022 -1.173 867 4.7313 4400 0.4585
aug-cc-pv5z 1.4014 -1.174 175 4.7397 4404 0.4569
CBS limit 1.4010 -1.174 2 4.7403 0.4552

exptl 1.401112 4.748712 4404.712 0.460(0.02110

TABLE 2: Calculated and Experimental Constants for the Ground State, X1Σg
+, of N2

method basis re (a0) ET (e2/a0) De (ev) ωe (cm-1) Θzz (ea0
2)

RHF
aug-cc-pvdz 2.0377 -108.961 925 4.9576 2736 -0.9490
aug-cc-pvtz 2.0163 -108.987 796 5.2404 2726 -1.0090
aug-cc-pvqz 2.0135 -108.994 616 5.2836 2730 -1.0118
aug-cc-pv5z 2.0133 -108.995 999 5.2870 2729 -1.0149
CBS limit 2.0133 5.2891 -1.0158

MP2
aug-cc-pvd 2.1388 -109.280 650 9.4100 2157 -1.1262
aug-cc-pvtz 2.1053 -109.364 800 10.0293 2187 -1.1626
aug-cc-pvqz 2.0985 -109.383 055 10.1363 2200 -1.1710
aug-cc-pv5z 2.0976 -109.388 586 10.1731 2206 -1.1747
CBS limit 2.0970 10.1724 -1.1751

MCSCF
aug-cc-pvdz 2.1076 -109.097 018 8.6337 2351 -1.1683
aug-cc-pvtz 2.0853 -109.120 694 8.8568 2348 -1.2260
aug-cc-pvqz 2.0825 -109.127 412 8.8973 2352 -1.2292
CBS limit 2.0821 8.9063 -1.2294

CASSCF
aug-cc-pvqz 2.0860 -109.139 872 9.2364 2340 -1.1753

MRCI
aug-cc-pvdz 2.1144 -109.284 004 8.7673 2328 -1.1079
aug-cc-pvtz 2.0866 -109.367 229 9.5037 2335 -1.1390
aug-cc-pvqz 2.0806 -109.383 822 9.5698 2344 -1.1464
CBS limit 2.0789 9.5721 -1.1487

CASSCF+1+2
aug-cc-pvqz 2.0827 -109.386 811 9.5755 2337 -1.1247
“CBS limit” 2.0810 -1.1270

exptl 2.074412 9.906512 2358.612 -1.09( 0.0736

Θ(R) )

Θ(Ropt) + (dΘ
dR)

opt
(R- Ropt) + (d2ΘdR2)opt (R- Ropt)

2

2
(3)

ΘV ) Θopt +
Be
ωe[3(1+

Reωe

6Be
2 )Ropt(dΘ

dR)
Ropt

+ Ropt
2 (d2ΘdR2)

Ropt
](V + 1/2) (4)
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ωe, andBe. Using eq 3 and ourRopt for the HF and CISD wave
functions, we correctedΘ to the experimentalRexptl ) 1.4011
a0 at which most other calculations were done. Our HF result
atRexptl is 0.4937ea0

2, in excellent agreement with the numeri-
cal HF result (0.4934ea0

2) of Laaksonen, Pyykko¨, and Sund-
holm.13 Using eq 4 and the data in Table 5, we estimate the
vibrational dependent CBS-CISD value ofΘ to be

which is in good agreement with theV ) 0, J ) 0 values
of Wolniewicz,14 0.484ea0

2 and Kosmasa and Thakhar,15

0.483ea0
2, and the V ) 0, J ) 1 value, 0.4853ea0

2, of
Buckingham and Cordle.10 There are a vast number of
calculations6-8,13-19 of Θ(H2), and we collect, in Table 6, a
representative collection ofab-initio values forΘ(H2), along
with the experimental values and our CBS-HF and CBS-CISD
results.

From Table 5, we see that the slope ofΘ(H2) aroundRopt is
positive, as it is for N2, O2, and F2. Accordingly, to the extent
that the RHF model limit forRopt is less thanRexptl, the HF

TABLE 3: Calculated and Experimental Constants for the Ground State, X3Σg
-, of O2

method basis re (a0) ET (e2/a0) De (ev) ωe (cm-1) Θzz (ea0
2)

RoHF
aug-cc-pvdz 2.1840 -149.625 220 1.1784 2018 -0.2833
aug-cc-pvtz 2.1779 -149.660 506 1.2923 2001 -0.3928
aug-cc-pvqz 2.1749 -149.670 308 1.3110 2006 -0.4085
aug-cc-pv5z 2.1747 -149.672 974 1.3186 2008 -0.4183
CBS limit 2.1739 1.3181 -0.4188

UHF
aug-cc-pvdz 2.1979 -149.646 215 1.7497 2025 -0.2341
aug-cc-pvtz 2.1915 -149.682 470 1.8899 1960 -0.3134
aug-cc-pvqz 2.1885 -149.692 404 1.9124 1965 -0.3273
aug-cc-pv5z 2.1885 -149.695 099 1.9207 1966 -0.3356
CBS limit 2.1889 1.9172 -0.3427

UMP2
aug-cc-pvdz 2.3314 -150.011 480 5.2852 1428 -0.1107
aug-cc-pvtz 2.3138 -150.128 401 5.6078 1455 -0.2178
aug-cc-pvqz 2.3064 -150.153 761 5.6322 1467 -0.2421
aug-cc-pv5z 2.3049 -150.162 153 5.6548 1465 -0.2537
CBS limit 2.3032 5.6472 -0.2546

MCSCF
aug-cc-pvdz 2.3022 -149.718 078 3.7982 1550 -0.1457
aug-cc-pvtz 2.2975 -149.752 814 3.9146 1543 -0.2618
aug-cc-pvqz 2.2939 -149.763 505 3.9606 1548 -0.2858
CBS limit 2.2936 3.9906 -0.2920

CASSCF
aug-cc-pvqz 2.2973 -149.768 890 4.1072 1544 -0.2822

MRCI
aug-cc-pvdz 2.3072 -150.003 808 4.4229 1551 -0.1213
aug-cc-pvtz 2.2921 -150.114 527 4.9575 1565 -0.2156
aug-cc-pvqz 2.2864 -150.138 411 5.0034 1495 -0.2474
CBS limit 2.2830 5.0077 -0.2636

CASSCF+1+2
aug-cc-pvqz 2.2907 -150.140 112 5.0056 1564 -0.2368

exptl 2.281812 5.231812 1580.212 -0.3( 0.141

TABLE 4: Calculated and Experimental Constants for the Ground State, X1Σg
+, of F2

method basis re (a0) ET (e2/a0) De (ev) ωe (cm-1) Θzz (ea0
2)

RHF
aug-cc-pvdz 2.5288 -198.703 251 1.3847 1216 0.5229
aug-cc-pvtz 2.5099 -198.760 936 1.1764 1271 0.3558
aug-cc-pvqz 2.5090 -198.774 915 1.1770 1264 0.3321
aug-cc-pv5z 2.5071 -198.779 081 1.1786 1267 0.3149
CBS limit 2.5079 -198.780 1 1.1792 0.3180

MP2
aug-cc-pvdz 2.6959 -199.126 917 1.5039 934 0.9254
aug-cc-pvtz 2.6490 -199.290 907 1.7987 1002 0.7588
aug-cc-pvqz 2.6471 -199.326 593 1.7931 1013 0.7374
aug-cc-pv5z 2.6452 -199.338 340 1.8004 1017 0.7199
CBS limit 2.6460 -199.339 9 1.7970 0.7236

MCSCF
aug-cc-pvdz 2.8257 -198.777 612 0.6388 637 0.9873
aug-cc-pvtz 2.7643 -198.832 379 0.7677 718 0.7899
aug-cc-pvqz 2.7632 -198.846 561 0.7658 731 0.7651
CBS limit 2.7632 -198.851 5 0.7681 0.7616
CASSCF
aug-cc-pvqz 2.7598 -198.848 763 0.8257 731 0.7611

MRCI
aug-cc-pvdz 2.7520 -199.119 575 1.2603 791 0.9370
aug-cc-pvtz 2.6838 -199.277 054 1.4875 889 0.7356
aug-cc-pvqz 2.6825 -199.310 003 1.4879 886 0.7111
CBS limit 2.6827 -199.318 7 1.4906 0.7077

CASSCF+1+2
aug-cc-pvqz 2.6853 -199.311 6 1.5021 887 0.7165

exptl 2.668112 1.691612 916.612 1.0-1.333
0.5634

Θ(H2;V) ) +0.455+ 0.051(V + 1/2)

orΘ(H2;V)0)) 0.481ea0
2
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model limit forΘ is always less than the HF value calculated
atRexptl. Note that electron correlation decreasesΘ relative to
the HF value. Precisely how much depends on whether one

compares the HF and correlated value at the experimental bond
length or at the optimal bond length (Ropt) corresponding to each
model. Since correlation corrections to the HF wave function
are responsible for changing the predictedRopt, measuring
correlation effects relative to the experimental bond length
obscures this important effect. For example,Θ(CISD) at the
experimental bond length is 7.8% smaller thanΘ(HF) at this
bond length, whileΘ(CISD) andΘ(HF) differ by 6.0% when
each is referred to its model limitRopt.
Our N2 results are summarized in Table 2 and compared with

selected calculations18,21-32 and experiments36,37in Table 7. As
with H2, increasing the quality of the basis set within a model
reduces the calculatedΘ and adding correlation decreasesΘ,
relative to the SCF values. Our CBS-HF limit is
-1.0158ea0

2 at Ropt of 2.0133a0 and -0.9306ea0
2 at R )

2.074 32a0, in excellent agreement with the numerical HF
result20 of -0.9310ea0

2 at this bond length. The convergence
of the MP2, MCSCF, and MRCI results all suggest that the
aug-cc-pvqz basis produces a quadrupole moment that differs

TABLE 5: Equilibrium Value of the First and Second
Derivatives of the Molecular Quadrupole Moment Function
for H 2, N2, O2, and F2, Calculated with Various Wave
Functions

molecule
wave

function Ropt (a0) (dΘ/dR)Ropt (ea0) (d2Θ/dR2)Ropt (e)

H2 SCF 1.3865 0.6064 0.2622
H2 CISD 1.4022 0.5174 0.1028
N2 SCF 2.0133 1.4017 0.5594
N2 MCSCF 2.0825 0.9481 0.0548
N2 MRCI 2.0806 0.9593 0.0892
O2 ROSCF 2.1747 1.4797 -0.0744
O2 MCSCF 2.2939 1.3720 -0.1998
O2 MRCI 2.2864 1.4738 -0.2160
F2 SCF 2.5071 1.1656 -0.6212
F2 MCSCF 2.7632 1.1399 -0.9718
F2 MRCI 2.6825 1.2134 -0.9142

TABLE 6: Section of H2 Quadrupole Moments

R (a0) Θ (ea0
2) ref comment

1.4 0.493 17 Hartree-Fock limit
1.4 0.493422 13 numerical HF
1.405 0.4898 15 SCF, derivative Hartree-Fock, ELP basis
1.3863 0.4845 LHa CBS-HF;Ropt
1.4016 0.4937 LHa CBS-HF; exptlRe
1.4 0.457 6 essentially exact wave function
1.401 0.437 18 numerical DFT
1.40 0.4438 19 MP4 Sadlej16 basis
1.40 0.4414 19 CISD Sadlej basis
1.405 0.4512 15 CISD, ELP basis
1.40 0.456444 15 explicitly correlated Gaussian, essentially exact wave function
1.3895 0.4649 LHa CBS-MP2Ropt
1.4016 0.4712 LHa CBS-MP2 exptlRe
1.4010 0.4552 LHa CBS-CISDRopt

vibrational average 0.516 LHa CBS-HF;V ) 0, J) 0
vibrational average 0.481 LHa CBS-CISD;V ) 0, J) 0
vibrational average 0.477 20 integrate radial wave function
vibrational average 0.483103 15 explicitly correlated Gaussian, essentially exact wave function,

integrate radial wave function,V ) 0, J) 0
exptl 0.470( 0.021 8 derived from exptl datasnonvibrating molecule
exptl 0.485 10 vibrational average of magnetic anisotropy andg factor;V ) 0, J) 1

a This work.

TABLE 7: Selection of N2 Quadrupole Moments

R (a0) Θ (ea0
2) ref comment

2.07432 -0.9310 2 numerical HF
2.068 -0.9400 22, 23 numerical HF
2.07432 -0.9054 24 SCF large basis
2.07430 -0.9285 25 SCF large basis
2.068 -0.937 26 SCF
2.105 -0.8858 31 derivative Hartree-Fock, ELP basis
2.0133 -1.0158 LHa SCF atRopt
2.07435 -0.9306 LHa CBS-SCF limit
2.075 -1.137 18 numerical DFT
2.068 -1.1426 27 numerical HFS
2.07430 -1.1289 28 large basis set DFT
2.068 -1.15 29 numerical HFS
2.07432 -1.1131 24 SDQ-MPPT(4); 6s4p3d1f
2.07430 -1.0905 25 MRSD-CI
2.068 -1.154 26 MRSD-CI
2.068 -1.16865 30 CCSD-Sadlej’s16 5s4p2d basis
2.105 -1.0846 31 AACD-ELP basis
2.0856 -1.1755 LHa CBS-CASSCF;Ropt
2.0810 -1.1270 LHa CBS-CASSCF+1+2;Ropt
2.07432 -1.1334 LHa CBS-CASSCF+1+2;Rexptl

vibrational average -1.118 LHa CBS-CASSCF+1+2; V ) 0, J) 0
vibrational average -1.1557 35 CCSD,V ) 0, J) 0; Sadlej’s 5s4p2d basis
exptl -1.09( 0.07 36 optical birefringence
exptl -1.05( 0.06 37 optical birefringence

a This work.
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from the CBS limit by less than 0.2%, suggesting that
the individual CASSCF and CASSCF+1+2 values of
-1.1753ea0

2 and-1.1247ea0
2 are near the model limit. From

Table 5, we see the similarity between the MCSCF and the
MRCI Θ versusR curves aroundRopt. The SCF curve has
significantly larger first and second derivatives, and these are
in good agreement with calculations by Truhlar38 and Maroulis
and Bishop.39 Using the MRCI derivatives in Table 5, we
estimate the vibrational dependence of the CBS-CASSCF+1+2
quadrupole moment as

and so our recommended vibrationally corrected quadrupole
moment isΘ(N2;V)0) ) -1.118ea0

2. This is in good agree-
ment with the reported experimental quadrupole moments
gathered in Table 7. The several experimental estimates of the
quadrupole derivative available in the literature43-46 average
0.95ea0, and these may be compared with our SCF, MCSCF,
and MRCI results of 1.402ea0, 0.948ea0, and 0.959ea0. The
SCF result is clearly much too large, while the correlated values
agree with the average of the experimental values. The data
are collected in Table 8. Note that the significant reduction in
dΘ/dR, when a correlated wave function is used, is implicit in
the SCF vs GVB results reported by Cartwright and Dunning.40

Our O2 results are summarized in Table 3. As with H2 and
N2, increasing the quality of the basis set decreases the
quadrupole moment. However, unlike H2 and N2, adding
correlation increases the quadrupole moment (makes it less
negative). The opposing effects of basis-set quality and
correlation permits a limited correlation wave function with a
small basis set to predict a quadrupole moment comparable with
the CBS-MRCI limit. We have not found a reported Hartree-
Fock limit for Θ(O2) with which to compare either our ROHF
results (Ropt ) 2.1747a0, Θ ) -0.1488ea0

2) or our UHF results
(Ropt ) 2.1885a0, Θ ) -0.3427ea0

2). Our ROHF and UHF
results atR ) 2.28a0 are-0.264ea0

2 and-0.218ea0
2, respec-

tively and are in reasonable agreement with a large basis SCF
calculation, by Bu¨ndgenet al.,26 atR) 2.2819a0 that predicts
Θ ) -0.249ea0

2. There are two numerical HFS calculations
of Θ, both atR ) 2.28 a0. The first, by Becke,29 is an
unrestricted calculation that predictsΘ ) -0.36ea0

2, while the
second, by Laaksonenet al.,27 is a spin-restricted calculation
predictingΘ ) -0.3885ea0

2.
Our CBS CASSCF and CASSCF+1+2 results are

-0.2885ea0
2 and -0.2530ea0

2, respectively. It is fascinating
that ROHF calculations at the experimental bond length predict
a Θ(-0.264ea0

2), which differs from our best correlated result
(-0.253ea0

2) by only 4%. The reason for the insensitivity of
Θ(O2) to correlation effects is a consequence of the difference
in the response of theσ and π electrons in O2 to electron
correlation and will be discussed after the quadrupole density
is introduced. The first and second derivatives of these curves
are collected in Table 5.

Experimental data on O2 is sparse. Buckinghamet al.41 report
-0.3( 0.1ea0

2 from induced birefringence measurements, and
Cohen and Birnbaum42,47 report |Θ| ) 0.25ea0

2 obtained from
the interpretation of pressure-induced far-infrared spectra.
These, and selected theoretical results, are shown in Table 9.
Using the derivatives in Table 5, we estimate that the vibrational
correction to our CBS-CASSCF+1+2 result is

resulting inΘ(O2,V)0) ) -0.2273ea0
2, which is in general

agreement with the highly uncertain experimental values. The
experimental estimate43 of (dΘ/dR)exptl for O2, obtained from
an analysis of the quadrupole absorption spectrum, is+ 1.6ea0
and is in reasonable agreement with our ROHF, MCSCF, and
MRCI values of 1.8, 1.4, and 1.5ea0, respectively.
Our F2 results are collected in Table 4. As with H2, N2, and

O2, the quadrupole moment decreases within a model with
increasing quality of basis set and as in O2, electron correlation
increasesΘ. Our CBS-RHF limit is+ 0.3081ea0

2 at Ropt )
2.5064a0 and+0.501ea0

2 atR) 2.68a0. This latter value is in
good agreement with the numerical Hartree-Fock result of
McCullough,23 +0.505ea0

2, at R ) 2.68a0. Our CBS-
CASSCF+1+2 value of+0.7165ea0

2 (Ropt ) 2.6853a0) is in
good agreement with the numerical HFS calculations of
Laaksonenet al.,27 0.6911ea0

2 at R ) 2.68a0, and those of
Becke,29 + 0.69ea0

2 also atR) 2.68a0. Our CBS limit atR)
2.68a0 is + 0.7068ea0

2. Correlation correction effects more
than doubleΘ(F2), a much larger effect than in H2, N2, and O2.
This substantial correlation effect is consistent with the results
of Dykstra31 et al. and Maroulis and Thakkar.32 These latter
authors report a SCF value of 0.5157ea0

2 and a SDQ-MPPT(4)
value of 0.7466ea0

2, both calculated atR) 2.66816a0. As we
will see subsequently, the correlation corrections toΘ, due to
theσ andπ electrons, are both in the same direction, and, rather
than cancel as in O2, they reinforce one another. Using the
data in Table 4, we write the vibrational averagedΘ as

and, so,Θ(F2;0) ) +0.7269ea0
2. We collect the values ofΘ

from selected calculations in Table 10. The experimental
measurements33,34 of Θ(F2), 1.0-1.3ea0

2 and 0.56ea0
2 have

large uncertainties associated with them. We have collected
the CASSCF+1+2 values ofΘ along with the estimated CBS
limit and vibrational corrections in Table 11.

MP2 Results

It is apparent, from Tables 1-4, that MP2 is a significant
improvement over the SCF model with little additional effort.

TABLE 8: Comparison of Experimental and Theoretical
Quadrupole-Moment Derivatives for N2

(dΘ/dR)Re (ea0) ref comment

+0.94 43 quadrupole absorption
+0.97 44 collision-induced
+0.95 45 collision-induced
+0.933( 0.039 46 quadrupole absorption
0.959 LHa MRCI aug-cc-pvqz;Ropt
0.948 LHa MCSCF aug-cc-pvqz;Ropt
1.402 LHa SCF aug-cc-pvqz;Ropt

a This work.

Θ(N2;V) ) -1.1247+ 0.0137(V + 1/2)

TABLE 9: Selection of O2 Quadrupole Moments

R (a0) Θ (ea0
2) ref comment

2.1747 -0.4188 LHa ROHF;Ropt
2.1885 -0.3427 LHa UHF;Ropt
2.28 -0.2634 LHa ROHF
2.28 -0.188 26 SCF Sadlej16 basis (5s3p2d)
2.28 -0.249 26 SCF
2.2819 -0.271 48 CI
2.282 -0.356 18 numerical DFT (unrestricted)
2.28 -0.3885 27 numerical HFS (R ) 0.7)
2.28 -0.36 29 numerical HFS (restricted)
2.2970 -0.2885 LHa CBS-CASSCF;Ropt
2.2873 -0.2530 LHa CBS-CASSCF+1+2;Ropt

vibrational average-0.240 LHa CBS-CASSCF+1+2
exptl |0.25| 42, 47 pressure-induced,

far-infrared spectrum
exptl -0.3( 0.1 41 optical birefringence

a This work.

Θ(O2;V) ) -0.2530+ 0.0257(V + 1/2)

Θ(F2;V) ) +0.7131+ 0.0276(V + 1/2)
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We collect our MP2 results in Table 11 and compare them to
the corresponding CBS CASSCF+1+2 results. The comparison
is striking and suggests strongly that the corrections due to MP3
and MP4 cancel one another significantly. This has been seen
by Wolinski et al.16 and Maroulis and Thakkar24 and is being
further investigated in this laboratory.50

Quadrupole Moment Functions

We study the distance dependence ofΘ (quadrupole-moment
function), using the aug-cc-pvqz basis and the MCSCF and
MRCI wave functions. These wave functions provide a
reasonably accurate description of the molecule’s electronic
structure over a large range of internuclear distances, and we
expect the calculated quadrupole-moment functions to be
realistic.
The quadrupole moment functions for the four molecules of

interest are shown in Figure 1, from which we see that H2 is
uniqueshaving the only quadrupole-moment function that is
everywhere positive.Θ for H2 and N2 is zero at largeRbecause
both molecules separate to atoms in S states.Θ for F2 and O2
separates to the sum of the atomic quadrupole moments of the
atoms. For F2, the F atoms are in the2Pm)0 (2Pz) state, loosely
corresponding to the configuration

with z labeling the internuclear axis. For O2, the atoms are in
the 3P|M|)1 levels, which, in a real representation, corresponds
to one atom in

and one in

We will first consider N2, O2, and F2, returning to H2 latter.
Let us first write the electron density at internuclear separation
R as

wherenA
0 andnB

0 are the electron densities of the two nonin-
teracting atoms placed at the appropriate nuclear positions. Note
that δn is defined by this equation. As a practical matter,nA

0

andnB
0 are obtained from the natural orbitals of the MCSCF or

MRCI wave functions at large values ofRand translated, intact,
to the internuclear separation of interest.
Using eq 5, the quadrupole moment defined by eq 1 can be

rewritten as

whereΘ0(A) is the quadrupole moment of the separated atom
A in the diatomic A2

andδΘ is the quadrupole-moment density

Note that the nuclear contribution toΘ(A2;R) is now implicit
in δn(rb;R). Note, also, thatΘ(A2;R) is now written as the sum
of a (constant) atomic contribution, 2Θ0(A) and a contribution

TABLE 10: F 2 Quadrupole Moments

R (a0) Θ (ea0
2) ref comment

2.68 0.505 23 numerical HF
2.6681 0.5447 31 derivative Hartree-Fock,

ELP basis
2.68 0.659 49 SCF
2.66816 0.7466 32 SDQ-MPPT(4) 6s5p3d1f basis
2.66816 0.5157 32 SCF 6s5p3d1f basis
2.5064 0.3081 LHa CBS-HF;Ropt
2.68 0.501 LHa CBS-HF;Rexptl
2.68 0.6911 27 numerical HFS (R ) 0.7)
2.68 0.69 29 numerical HFS (R ) 0.7)
2.6681 0.6880 31 ACCD, ELP basis
2.6853 0.7131 LHa CBS-CASSCF+1+2;Ropt
2.68 0.707 LHa CBS-CASSCF+1+2;Req

vibrational average 0.727 LHa CBS-CASSCF+1+2; V ) 0 J) 0
exptl 1.0-1.3 33 fitting of pressure second virial

coefficients
exptl 0.56 34 fitting of pressure and dielectric

second virial coefficients

a This work.

TABLE 11: Comparison of MP2 and CASSCF+1+2 Results

aug-cc-pvqz MP2 (estimated CBS) CASSCF+1+2 (estimated CBS)

molecule Ropt (a0) Θ (ea0
2) Ropt (a0) Θ (ea0

2) Ropt (a0) Θ (ea0
2) vibration correction

H2 1.4014 +0.4569 1.3895 +0.4699 1.4009 +0.4552 + 0.051 (V + 1/2)
N2 2.0827 -1.1247 2.0970 -1.1751 2.0810 -1.1270 +0.0137 (V + 1/2)
O2 2.2907 -0.2368 2.3032 -0.2546 2.2873 -0.2530 +0.0257 (V + 1/2)
F2 2.6853 +0.7165 2.6452 +0.7178 2.6853 +0.7131 +0.0276 (V + 1/2)

1s22s22px
22py

22pz
1

1s22s22px
2py

1pz
1

1s22s22px
12py

22pz
1

Figure 1. Molecular quadrupole moments of H2, N2, O2, and F2 as a
function of bond length.

n( rb;R) ) nA
0( rb) + nB

0( rb) + δn( rb;R) (5)

Θ(A2;R) ) 2Θ0(A) +∫ δΘ( rb;R) dV (6)

Θ0(A) ) - 1
2∫nA0( rb)(3z2 - r2) dV (7)

δΘ ) - 1
2

δn( rb;R)(3z2 - r2) (8)
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Θmol, due to molecule formation

Since we may easily partitionδn into σ andπ contributions

we may also write

where

with an analogous expression forΘπ(A2;R). The σ and π
components of the quadrupole-moment curves for N2, O2, and
F2 are shown in Figure 2 for a MRCI wave function in an aug-
cc-pvqz basis. Note thatΘσ is always negative andΘπ is always
positive; while the sign ofΘ depends on the relative magnitudes
of these contributions,Θ usually decreases from its asymptotic
value with decreasingR. The relative asymptotic values are
easily understood, in terms of an orbital model. For example,
thezzcomponent of the atomic quadrupole moment of (oriented,
m ) 0) F is given by

where

By symmetry

and

With z as the internuclear line

It is easy to show

so in an orbital model where all 2p orbitals are radially
equivalent

Our asymptotic values are

These are not precisely in the symmetry-determined ratio
because our wave function hasD2h symmetry and our correlated
wave function results in asymptotic p functions that are not
equivalent.
In a similar fashion, the O (3P|M|)1) quadrupole moment is

given by

Our asymptotic values are

They differing from the simple orbital ratios for reasons
described earlier.
If we reference each molecular quadrupole-moment function

to its asymptotic atomic contribution, we obtain Figures 3-5,
which are simplyΘmol(R) and its componentΘmol

σ andΘmol
π .

Some insight into whyΘmol
σ is always negative andΘmol

π is
always positive may be obtained by examiningδΘσ(rb;R) and
δΘπ(rb;R). Recall

where the origin is the molecular midpoint andθ is measured
relative to the internuclear line as the polar axis. This equation
relates electron shifts in theσ system, upon bond formation to
the molecular contribution to the quadrupole moment. Note
that the factor-1/2(3 cos2 θ - 1) partitions the molecular space
into two regions, labeled N and P and shown in Figure 6. It is
interesting to note that the parabolas delineating the Berlin52

bonding and antibonding regions are asymptotically tangent to
the nodal surfaces separating the N and P regions. In the
connical regions labeled N, to the rear of the nuclei, the angular

Figure 2. Distance dependence of the molecular quadrupole moments
of N2, O2, and F2 partitioned into theΘσ andΘπ components.

Θmol(R) )∫ δΘ( rb;R) dV (9)

δn) δnσ + δnπ (10)

Θ(A2;R) ) Θσ(A2;R) + Θπ(A2;R) (11)

Θσ(A2;R) ) 2Θσ
0(A) +∫ δΘσ( rb;R) dV (12)

Θ(F;2Pz) ) Θ(2pz) + 2Θ(2py) + 2Θ(2px)

Θ(2pR) ) - 1
2∫ (2pR)

2(3z2 - r2) dV

Θ(2px) ) Θ(2py)

Θ(2px) + Θ(2py) + Θ(2pz) ) 0

Θπ(F)) 2Θ(2px) + 2Θ(2py) ) -2Θ(2pz) ≡ -2Θσ(F)

Θ(2pz) ) Θσ(F)< 0

Θπ(F)) -2Θσ(F)> 0

Θπ(F)) +2.517ea0
2

Θσ(F)) -1.170ea0
2

Θ(O;3P|M|)1) ) 2Θ(2px) + Θ(2py) + Θ(2pz)

Θπ(O)) 2Θ(2px) + Θ(2py)

Θσ(O)) Θ(2pz)

Θπ(O)) 3(-12Θσ(O)) ) -3/2Θσ(O)

Θπ(O)) +2.435ea0
2

Θσ(O)) -1.499ea0
2

δΘσ ) -1/2δnσ( rb;R)(3z
2 - r2) )

-1/2r
2δnσ( rb;R)(3 cos

2 θ - 1) (13)
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factor is negative, and thus, a positiveδnσ in this region results
in a negative contribution toΘmol

σ . In N2, theσ bond involves
a large sp hybridization, moving charge toward the midpoint
of the molecule. Simultaneously, the opposite-phase sp hybrid
pooches out to the rear of the nuclei contributing to a positive
δnσ and, therefore, a negativeδΘσ. Note that this effect is
enhanced by ther2 term in eq 13, which weights heavily the
farther reaches ofδnσ. Along with theσ bond in N2, we, of
course, have theπ bond, which results inδnπ being positive in
the region between the nuclei and above the molecular line;
sinceδΘπ ) 1/2r2δnπ(3 cos2 θ - 1), this is precisely where the
angular factor is positive, and, therefore, an accumulation of
charge in theπ system (positiveδnπ) results in a positive value
of δΘπ and contributes toward a positive value ofΘmol

π . These
effects are vividly illustrated in Figure 7, which showsδn, δnσ,
and δnπ and the associatedδΘ, δΘσ, andδΘπ densities for
N2. Note that the increase in charge density around the
molecular midpoint contributes little toΘmol, as it is multiplied

by r2 (small in this region), and much cancellation results from
the integration over 3 cos2 θ - 1. The situation with O2 and
F2 differ only in degree. sp hybridization decreases in going
from N2 to O2 to F2, and this is reflected in a less negative
value ofΘmol

σ in O2 and F2, relative to N2.
Theπ systems in O2 and F2 are qualitatively different from

N2’s, and this is reflected in theΘmol
σ curves shown in Figures

3-5. For O2, δnπ is smaller than in N2 and, thus,Θmol
π (O2) is

less positive. For F2, δnπ is almost zero andΘmol
π (F2) is small.

One striking feature ofΘmol
π in N2 and O2 is the maximum

(Figures 3 and 4), which we understand as follows. As the
nuclei come together,π electron density accumulates between
them (in the P region of Figure 6), and, asR becomes
comparable toRe, some of this density begins to spill over into
the N region and thusΘmol

π begins to decrease. The same
situation obtains in O2 and F2. In O2, one has less accumulation

Figure 3. Distance dependence of the quadrupole moment of N2

partitioned into itsΘmol
σ andΘmol

π components.

Figure 4. Distance dependence ofΘmol for O2 partitioned into its
Θmol

σ andΘmol
π components.

Figure 5. Distance dependence ofΘmol for F2 partitioned into its
Θmol

σ andΘmol
π components.

Figure 6. Nodes of-1/2(3 cos2 θ - 1) (solid lines) and parabolas
separating the Berlin bonding and antibonding regions.

4788 J. Phys. Chem. A, Vol. 101, No. 26, 1997 Lawson and Harrison



and a smaller increase inΘmol
π , but the same spilling ofδnπ

into the N region. δnπ for F2 is rather flat, although one still
has a slight maximum inΘmol

π . The equilibrium bond length
in these molecules is smaller than the internuclear distance where
Θmol

π is a maximum, so, the slopes of both theπ and σ
component ofΘ are both positive aroundRe.

H2

A similar analysis for H2 shows that, as the two H atoms
approach to form a bond, the density differenceδnσ is positive

between the nuclei with a large negative region to the rear of
each nucleus. Because of the 3 cos2 θ - 1 factor in the
quadrupole density integrand, the positive region between the
nuclei integrate to a small contribution toΘmol

σ , while the
decreased density in the N region of Figure 6 contributes to a
large positiveΘmol

σ . This characteristic ofδnσ is common to
s-s bonds such as H2, Li2, Na2, etc. and opposite to the sp-
sp bonds characteristic of N2, O2, and F2. The maximum in
Θmol

σ obtains when large positive components ofδnσ in the N
region spill over into the P region, and this happens a little before

Figure 7. Electron-density difference and the associated quadrupole-density contours for N2 at 2.1a0 calculated with a MRCI wave function and
the aug-cc-pvtz basis. The top row showsδn versusδΘ; the middle,δnσ versusδΘσ; the bottom,δnπ versusδΘπ. The contour values are(2N ×
10-3 (atomic units) withN ) 0-6. The dashed contours are negative, the solid contours are positive, and the nodes are dotted. Thex-axis on the
plots is thez-axis or internuclear line in the text.
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the equilibrium separation. Clearly,Θ will go to zero asRf
0 andn(rb;R) approaches the united atom limit. These observa-
tions are illustrated in Figure 8.

On the Sign of the Molecular Quadrupole Moment

From the preceding discussion, we see that the sign ofΘ for
N2, O2, and F2 depends on the relative values ofΘσ (negative)
andΘπ (positive). In F2, for example, one has a large positive
π contribution at∞, due to the separated atoms, which changes
little as the molecule forms becauseδnπ is small and essentially
independent ofR. The asymptotically negativeσ contribution
is reduced further byσ bond formation but not enough to change
the sign ofΘ, which remains positive. The F2 σ contribution
is anemically negative because of the very slight sp hybridization
in F2. In O2, the asymptotic value ofΘ is less positive than in
F2, and the increased sp hybridization is able to overcome a
very positiveπ contribution and results in a negative quadrupole
moment. In N2, the large sp hybridization causes theΘσ to be
dominant andΘ is decidedly negative. The situation in H2 is

fundamentally different. The sign is always positive because
at largeR the s-s bond results inδnσ being negative in the N
region, and this situation obtains until the maximum inΘ (H2;R),
after whichΘ decreases toward zero, as described above.

Correlation Effects on Θmol
σ and Θmol

π

Further insight into the relationship between electron cor-
relation and the quadrupole moment obtains from an analysis
of Θσ andΘπ. In Figure 9, we plot these quantities for the
SCF, MCSCF, and MRCI wave functions of N2 (aug-cc-pvqz
basis). The distance dependence ofΘσ (aroundRe) for all three
wave functions is similar, with the SCF and MCSCF contribu-
tions being remarkably so. The MRCI value ofΘσ is the largest
of the three and reflects the effect of dynamic correlation in
increasingδnσ in the region between the nuclei. The correlated
distance dependence ofΘπ differs markedly from the SCF value
and is significantly smaller. These results suggest that the
reasonable values ofΘ calculated from SCF functions (Table
7) obtain because of a cancellation of errors,Θσ(SCF) being
too negative andΘπ(SCF) too positive. Our calculatedΘ(SCF)
is -0.9306ea0

2, while Θ(CASSCF+1+2) is -1.1334ea0
2, both

atR) 2.07432a0. These differ by 18%, and most of the error
is in theπ contribution.
The corresponding data for O2 and F2 are given in Figures

10 and 11. Note that the scales in these plots are identical and
the magnitude of the effect of electron correlation onΘσ and
Θπ is similar. In O2, like N2, Θσ (SCF) is too negative, while
Θπ(SCF) is too positive, resulting in a similar cancellation of
errors. At 2.28a0, we calculateΘ(O2;ROHF) ) -0.2634ea0

2

andΘ(O2;CASSCF+1+2)) -0.2530ea0
2, a difference of only

4%, as noted earlier. In F2, bothΘσ(SCF) andΘπ(SCF) are
too small, but rather than cancel they add and result in aΘ-
(SCF) (0.501ea0

2 at R ) 2.68a0) compared to theΘ(CASSCF
+1+2) value of 0.707ea0

2 (a difference of 29%) at the same
bond length.

Conclusions

We have studied the quadrupole moments of H2, N2, O2, and
F2 and have estimated the CASSCF+1+2 basis-set limit for
the latter three and the CISD limit for H2. These are in excellent
agreement with comparable calculations by others and in good

Figure 8. Electron-density difference,δn, and the associated quad-
rupole-density,δΘ, contours for H2 at 1.4a0 calculated with a 10 CSF
MCSCF wave function and the aug-cc-pv5z basis. Contour values and
conventions are as in Figure 7.

Figure 9. Effect of electron correlation on the magnitude and distance
dependence ofΘ, Θσ, andΘπ for N2.
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agreement with the existing experimental data. The rather large
values of the quadrupole moment derivatives, shown in Table
5, result in the quadrupole moment being a very sensitive
function of R around Ropt. We have written the global
quadrupole-moment function as the sum of an atomic contribu-
tion and a molecular contributionΘmol. The atomic contribution
is simply the sum of the quadrupole moments of the constituent
(oriented) free atoms, while the molecular contribution is an
integral over a quadrupole-density function of the form

in which the nuclear contributions are implicit inδn. While
not unique, this partitioning ofΘ allows us to separate molecular
effects from additive atomic effects and provides a deeper
understanding of the variation ofΘ with R. In particular, the
nodal structure of 3 cos2 θ - 1 allows us to partition the space
in a diatomic molecule into N regions, to the rear of the nuclei

and complimentary P regions. BecauseδΘ is linear inδn, one
may define quadrupole densities associated withδnσ andδnπ
and examine the contribution of theσ and π deformation
densities to the molecular quadrupole moment. Increases in
δnσ in the N region contribute to makeΘmol

σ negative, while
increases inδnπ in the P region makeΘmol

π positive, and, thus,
the molecular contribution to the quadrupole moment is the sum
of two opposite-signed terms. The total molecular quadrupole
moment is the sum of this molecular contribution and the
moment due to the sum of the separated atoms. This perspective
is useful in understanding the difference in the quadrupole
moments of related systems, such as N2 and P2, O2 and S2, C6H6

and C6F6, etc.51 Additionally, the effect of electron correlation
on Θ may be partitioned intoσ andπ contributions viaδnσ
andδnπ.
We note that the parabolas that delineate the Berlin bonding

and antibonding regions are asymptotically tangent to the nodal
surfaces separating the N and P regions (Figure 6). Indeed,
the largest contribution toΘmol

σ andΘmol
π come from a density

difference that is largely localized in the Berlin47 antibonding
and bonding regions, respectively.
Additional details including contour plots and three-dimen-

sional images ofδn andδΘ, as well as detailed numerical values
of Θ as a function ofR, have been prepared.53
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